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Abstract 

We present a theory of 'maximal' super-KP(SKP) hierarchy whose flows are 
maximally extended to include all those of known SKP hierarchies, including, for 
example, the MRSKP hierarchy of Manin and Radul and the Jacobian SKP(JSKP) 
introduced by Mulase and Rabin. It is shown that SKP hierarchies has a natural 
field theoretic description in terms of the B-C system, in analogous way as the 
ordinary KP hierarchy. For this SKP hierarchy, we construct the vertex operators 
by using Kac-van de Leur superbosonization. The vertex operators act on the 
r-function and then produce the wave function and the dual wave function of the 
hierarchy. Thereby we achieve the description of the 'maximal' SKP hierarchy in 
terms of the r-function, which seemed to be lacking till now. Mutual relations 
among the SKP hierarchies are clarified. The MRSKP and the JSKP hierarchies 
are obtained as special cases when the time variables are appropriately restricted. 



1 Introduction 



Nearly a decade has passed since Manin and Radul introduced a super symmetric exten- 
sion of the KP hierarchy (SKP),(to be denoted as MRSKP)[|I|]. In the meanwhile, several 
variations of SKP hierarchies were born, Jacobian SKP(JSKP) hierarchy by Mulase and 
Rabinp[||, SKP2 hierarchy by Figueroa-O'Farrill et al.H, etc. A lot of works have been 
made on; 

• integrability and unique solvability of initial value problems, formulating in terms 
of flows on a super-Grassmannian|5|] ||, 

• geometrical interpretation by extending the one of the ordinary KP hierarchy in 
which the orbits of the flows are canonically isomorphic to the Jacobian varieties 
of an algebraic curve 0], (In this respect JSKP hierarchy succeeds to the ordinary 
one, as its flows characterize the Jacobian variety of an algebraic 1|1 super curve.) 

• construction of algebro-geometric solutions ||. 

• reduction to the supersymmetric KdV(SKdV) hierarchy and its Hamiltonian struc- 
ture as a completely integrable system] 



Recent developments in understanding non-critical strings and the two-dimensional quan- 
tum gravity (coupled with various conformal fields) reveal surprising link between these 
theories and integrable hierarchies of the KP type]TT[. It is natural to ask whether these 
results can be extended to the supersymmetric ground. A naive but not well founded 
speculation is that some supersymmetric hierarchies might underlie the two-dimensional 
supergravities. Though there are some proposals fl2|l, we have not yet a definite answer. 



These subjects add to our interest for the SKP hierarchies. In this respect, continued 
from the above list, 

• additional symmetries and the relation with superVF-algebras 

investigated by several authors JIB]. However with these studies, it seems that some 



important elements are still missing in the theory of the SKP hierarchies. Indeed the 
most conspicuously lacking is the concept of the r-function which is a vital element of 
the theory and this is related to the non-uniqueness of the SKP hierarchies. 

Let us recall the Grassmannian approach to the KP hierarchy and the notion of 



the r-function||14j|. The KP hierarchy was formulated as the eigen value preserving 
deformations of a first order pseudo-differential operator (i.e., Lax operator) L(tj) = 
d x + 1 + u„ 2 {tj)d- 2 + ■■■: 

L(tj) w(x,tj] z) = zw(x,tj)z), 

d tn L(tj) = (LfoW+Lfe), witht 1 = x. 
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Without loss of generality L is expressed as a dressed operator of d x by a wave operator 
5=1 + s^id~ l + s_2<9^ 2 + • • •, i.e. L = SdxS' 1 . Then the wave function w is given by 
the formula w(x, ty, z) = S(tj) exp J2 n =i tn zn - The time evolution of L is then converted 
to that of S which is governed by the Sato equations: 

d tn S = -(Sd:S- 1 )^S, n = l,2,..-. 

The Grassmannian nature of the KP hierarchy arises from the Sato correspondence which 
says there is a one to one correspondence between the space of the wave operators and a 
certain infinite dimensional Grassmannian. As a result the KP hierarchy is interpreted as 
a dynamical system on this Grassmannian, which is also considered as the solution space 
of the KP hierarchy, by viewing it as the set of initial data of the time evolution. Then 
GL(oo) arises as a hidden symmetry, that is the transformation group of this solution 
space. These things look apparent when one takes the free fermion description of the KP 
hierarchy, in which the Grassmannian is projectively embedded into the fermion Fock 
space and the KP flows are generated by the positive modes of the current operator j n . 
Given an initial point represented by a state \G) (which sits on the GL(oo) orbit of the 
vacuum |0)), an orbit of the flow is represented by exp J2 n =i Wn 1^)- The contraction 
with the vacuum state gives the r-function r(tj) = (0| expX) n =i Wn 1^)- Then r maps 
\G) to a polynomial in the time variables, which is just the boson-fermion correspondence. 
All the information about the state \G) is encoded into the function r(tj). The locus of 
the Grassmannian in the fermion Fock space is characterized by the bilinear identity 

dz tp(z)\G) ®ip*(z)\G) = 0, 

which turns out to be the Hirota's bilinear equations for the r-function. It is a great 
insight of Sato that reveals the Hirota's bilinear equations to be nothing but the Pliiker 
relations. The wave function is then identified as 

w(x,tf,z) = — (0\ipt e ^=i tnjn ij(z)\G) 
r(tj) 2 

1 -n 

r( tj ) T[hh 



where the vertex operator representation of the fermion field ip( z ) is used. In this way 
a solution for the original wave operator S(tj) is obtained from the r-function passing 
through the wave function. 

Turning to the SKP hierarchies, we can proceed in a parallel way. The SKP hierar- 
chies are interpreted as the dynamical systems on the super-Grassmannian||. Just like 
the KP hierarchy allows the free fermion description, they can be fairly well formulated 
in a field theoretic terms employing the so called the B-C system, which is given by a 
tensor product of the first order system of free fermion (i.e. b-c system) and the first 
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order system of free boson (i.e. (3-j system). Although we have not been able to find 
the literatures which state this point explicitly by showing the expression for the wave 
function^ it seems rather evident if one takes into account the following facts: 

• Infinite dimensional super-Grassmannian is realized in the Fock space of the B-C 
system as the GL(oo|oo) orbit of the vacuum state ||16||. 

• It is possible to characterize, through the bilinear identity, the wave function and 
its dual for the SKP hierarchies]^]. 

• The CrL(oo|oo) orbit of the vacuum state of the B-C system satisfies the bilinear 
identity PH 

j dzdO C{z, 9) G|0) ® B(z, 6) G\0) = 0. 

One of the purposes of this paper is to establish the field theoretic description of the SKP 
hierarchies. Instead of employing the bilinear identity mentioned above, we will follow 
another route to the goal. Namely we will translate the frame matrix description of the 
super-Grassmannian given in || into the language of the B-C system. At first this route 
might seem somewhat roundabout but it has the merit of being explicit and concrete. 
When one tries to constract the super-analogue of the r-function in the SKP hierarchies, 
he immediately encounters a problem of (non-matching) time variables. It seems the time 
variables which parameterize the flows do not match any (super-)bosonization scheme of 
the B-C system. For example consider the well known bosonization of the f3-^f system in 
Ref . Hl8| . The current of the additional fermionic pair of the b-c type usually denoted by 
(£, 77), which is necessary for the bosonization, can not be expressed as a bilinear form of 
the fields (3 and 7. Consequently the oscillators of this current can not be identified with 
the time evolution operators on the super-Grassmannian. Moreover simple counting of 
the freedom indicates the number of the time variables of the MRSKP or JSKP hierarchy 
is just half of the freedom necessary for (super-)bosonizing the B-C system. These 
observation indicates the necessity of a new SKP hierarchy. We recognize that if one 
likes to formulate the SKP hierarchy as a dynamical system on the super-Grassmannian, 
the time evolution operators should be constructed from currents in the bilinear form 
of the fields B and C. The possible combinations of such currents are given by j + = 
—be, j~ = —flj, if) + = cf3 and = 76, which form a set of generators of the Lie 
superalgebra gll\l. Actually one finds that the flows of the MRSKP (JSKP) hierarchy 
are generated by the positive frequency part only of the currents j tot = —(bc + ^7) and 
ip = cf3 — 76 (j tot and if) + ). A superbosonization of the B-C system (the super- Weyl 
algebra in their terminology) based on the the Lie superalgebra gll\l has been found 
by Kac and van de Leur[^]. This enable us to consider a maximal SKP hierarchy 

* In ref.|n|, the SKP hierarchies are studied in terms of the B-C system, however the description 
there is not fully developed. 
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whose time flows are governed by all the above gll\l currents, j and i/j . In this way 
the MRSKP and JSKP hierarchies are naturally extended. It should be mentioned that 
Rabin also considered this type of a 'maximal' SKP hierarchy by connecting MRSKP and 
JSKP to the superbosonization of Kac-van de Leur. However, various ways appropriately 
parameterizing the extended flows without spoiling the integrability do not seem to be 
considered seriously. Our proposal for the time evolution operator compatible with 
integrability is given by fl4.51|) . It seems to give the simplest coordinatization of the 
extended flows. The resulting SKP hierarchy is shown in ( |3.31|) in the form of the 
Sato equations. Then we can proceed as in the case of the KP hierarchy. The r- 
function can be defined, from which the wave function and its dual are derived acting 
the appropriate vertex operators corresponding to the field C and B. In the viewpoint of 
the superbosonization, we have realized (the fixed total charge sector of) the B-C system 
on the graded polynomial ring C[tf ,tf , ■ ■ ■] (where tf^s are even and t 2n+ iS are odd 
variables), although our vertex operators are somewhat complicated. In other words we 
have constructed the maximal SKP hierarchy which unifies the known SKP hierarchies 
at the cost of the simplicity of the corresponding superbosonization. What extent of this 
construction of the SKP hierarchy is considered to be natural is a remaining question. 

We have succeeded in the first goal of the program for the Grassmannian approach 
to the SKP hierarchy. There are many subjects left for future investigations. One can 
think of, for example, the problems listed at the beginning, regarding the maximal SKP 
hierarchy. We have said virtually nothing about the geometrical aspects of the theory. 
We expect, however, that the field theoretic description given in this paper will shed light 
on our geometrical understanding of the SKP hierarchies, combining our knowledge of 
the conformal field theories on general (super-)Riemann surfaces [|T9fl . (We will make 
some comments in the last section.) 

The article organized as follows. In § 2, arranging the materials necessary for the later 
use, we deal with the super-Sato correspondence between the space of the wave (super- 
pseudodifferential) operators and a certain super-Grassmannian, along the arguments in 
Refs.0 and ||. In § 3, we describe of the known SKP hierarchies in the form of the Sato 
equation. Then the interpretation of the hierarchies as dynamical systems on the super- 
Grassmannian becomes clear. With these preliminaries we present the maximal SKP 
hierarchy. The notion of the wave function and its dual wave function are introduced 
and their characterization through the bilinear identity is given in a general form. In § 4, 
we introduce the B-C system. Translating the frame matrix representation of the super- 
Grassmannian into the language of the B-C system we express the basic ingredients, i.e., 
the wave function, the dual wave function and the r-function, in terms of them. We see 
the free fermion description of the KP hierarchy can be generalized in a very natural 
way to the super case. In § 5, We briefly review the superbosonization of the Kac and 
van de Leur and then, using this as an intermediate step, construct the vertex operators 
corresponding to the fields B and C. In the last section, we mention the geometrical side 
of the theory together with a remark on another SKP hierarchy given by LeClair|2(| . 
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2 Super Sato correspondence 



To describe the SKP hierarchies as a dynamical system on the super-Grassmannian man- 
ifold, we first recall the super-Sato correspondence in some detail. Our exposition here 
is mostly due to and ||. Let us start with the description of the basic ingredients 
of the super-pseudo differential operators(S\I>DO's). For more mathematical details see 
0. Let A be some superalgebra modeled over C. (We do not specify its precise con- 
tent. The simplest case is that A is C itself.) We define as our function space the 
supercommutative algebra 

R = A®C[[x,£]]. (2.1) 

Here C[[x,£]] is the ring of formal power series in even variable x and odd nilpotent 
variable £ that satisfy x£ = £x and £ 2 = 0. The Z 2 gradation is introduced naturally 
in R from those of A and C[[x, £]] : R — Rq@R\. R has a super-derivation operator 
D = + ^d x satisfying D 2 = d x . We define the algebra £ of S^DO's by 



£ = R((D-i)) = {P=J2 Pl Di, Pl eR}, 



(2.2) 



j<oo 



where D 1 = d x l D. Let T> be the subalgebra consisting of super-differential operators: 

(2.3) 



V = R[D] = {P= J2 Pj Di}c£. 

0<j<oo 



Then, we have the splitting of £: 
where 



£ = V © £. 



£_ = D~ X R[[D~ 



i>i 



(2.4) 
(2.5) 



The algebraic structure of £ is introduced through the super-Leibniz rule. Let / be a 
homogeneous element (i.e. with fixed Grassmann parity) of R. Then we have 



r=0 



(_iyf\( m ~ r ) j>[r] Jjr 



(2.6) 



where |/| denotes the Grassmann parity of /, /M denotes the r-th derivative of / with 
respect to D and 



are the super-binomial coefficients [p]] defined by 
0, 



for r(m 
for rim 



1 mod 2 
mod 2 



(2.7) 
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As a special subalgebra of S, we define T that consists of the homogeneous even monic 
StfDO's: 

r = {SG£|s = i + s _ 1 zr 1 + s _ 2 zr 2 + ..., \ Sj \ = ( °> J*'™ } (2.8) 

( 1, for j odd 

To has a group structure (i.e super- Volterra group) since all elements of To are invertible 
in r . 

Next, following MulasepJ], we give a definition of the super-Grassmannian and derive 
a supersymmetric generalization of the theorem of Sato, which states the relation between 
the S^DO's and the super-Grassmannian. Let us introduce a new pair of even and odd 
variables z and 6 which are regarded as Fourier transformations of d x and respectively. 
Furthermore it is useful to introduce symbols C"\ mGZ | defined by 



£*-2m 

£2m+l Z m Q 



2m+l 

(2.9) 



We define the super-linear space (i.e. free ^.-module) TC as the space of the formal 
Laurent series : 

H = C{{z-\6))®A={f= £ C7n, f n eA}. (2.10) 

n<oo 

As in the case of £, the superspace structure (i.e. Z 2 -gradation) of TC is obvious. There 
is a natural direct sum decomposition of 7i: 

H = H + ®H-, (2.11) 

where H + and H- are the subspaces defined by respectively 

H + = C[z,6}®A = {f= £ Cfn}, (2.12) 

0<n<oo 

and 

= z- l C[[z-\e}] ®A={f = Y: C n f~n }• (2.13) 

n>l 

Let 7T + be the projection n : 7i — > 7i + . The super-Grassmannian concerned in this 
paper, which is denoted by Gr , is defined as a set of subspaces of Tt such that 

Gr = { WcH\ W®H- = H}. (2.14) 

In other words, the subspace W C Tt belongs to Gr if and only if the projection of 
each subspace W to TC + is bijective, i.e. ker 7r + \ w = and coker ti+\ w = 0. Of course 
this definition of the super-Grassmannian is a very restricted one corresponding to a 
supersymmetric generalization of the Sato Grassmannian, and see Mulasef||] for more 
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general definition of the super-Grassmannians with an arbitrary level and Fredholm 
index. Gtq is then viewed as a big cell of the super-Grassmannian with Fredholm index 
0|0. 

The super-linear space 7i can be viewed as an ^-module as follows. Having in mind 
the Fourier transform, we convert x, £, d x and to — d z , d$, z and 9, and consider a 
homomorphism p from £ into the space of differential operators on Ti,: 

P(P)= E {P2j(-d z ,d e ) z j +p 2j+1 (-d z ,d e ) z j (d + zd )}, P= E Pjfof)^ e S. 

j<oo i<oo 

(2-15) 

Through the homomorphism p, S^DO's act on Ti. and hence Ti is considered as an £- 
module. Furthermore, we obtain a super-linear transform from £ to Ti, which is denoted 
by p, by setting 

p(p) = p (p) . i el-t, Pe£. (2.16) 



Theorem 1 There exists a one to one correspondence between the super-Grassmannian 
Gro and Tq. The bisection a : Tq Gr^ is obtained by associating each S in Tq with 
a subspace p(S~ l T>) C Ti : 

T 3 p{S~ 1 V) G Gr . (2.17) 

First we must show that the well-difinedness of the map a, i.e. c(S) G Gr$. From the 
expression (|2.15|) of the homomorphism p we note that 

1. p(V) = H+ 

2. p (s)H = n, s g r 

3. p(S)H- = H-, s g r . 

Then we have H = p{S~ l )H = p{S- l )T-L + © piS^H- = p{S~ 1 V)@H- for S G r , and 
hence o~(S) = p(S'~ 1 P) G Gr . To see that a is a bijection, we need to investigate the 
homomorphism p in more detail. Let P be a homogeneous element of £ and express it 
as 



j<oo 



n=0 

Then we set 



Pj( x ,0 = E ~y( a 2n,j + €<hn+ij), \a m ,j\ = m + j + \P\, mod 2. (2.18) 



v 



(m) 
P 



P(P)C = J2CF[Phm, meZ (2.19) 
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and consider the coefficients F[P]j m as matrix elements of a Z x Z matrix P[P]. By 
calculating 



(m) 



p(P)( m = p(PD m ) 
Yl E — } {-dz) n {a2n,j + d e a 2n +ij) C 

j<oon=0 U - 



j+m 



we obtain the following result: 

F[P] jm = (-iy +m+ l p lH[P]_ . +1)i _ (m+1) , j, me Z, 

with 

a hk = (-1)0+™**)^ 



j 



I, •_ L^l 



a fcjm _ j+fc , where 



H[P] 



-l)W+l p l)( fe+1 )S[P]^. 



(2.20) 



(2.21) 



(2.22) 



We write ( j2.21 ) in the matrix form 

F[P] = (-l)l p l JKE[P}KJ, 
where J and K are the matrices defined by 

J = ( fijk )j,kez and if = ( S j+k+lfi ) j}k ez- 



(2.23) 



(2.24) 



Using the properties of the super-binomial coefficients, the expression ( p.22j ) can be 
inverted as 



k=0 



,-1) 2 E[P} ktm _ j+k , j G Z>, mGZ. 



(2.25) 



We see that for an arbitrary integer p, (%',m)jez>, mep+z< and (^[P]j m )jgz>, mep+z< can 
be expressed each other by the above transforms. 

Lemma 1 If a S^/DO P preserves TC + , i.e. p(P)H + C P G £, then P must be a 
differential operator, i.e. P eP. 

[Proo/] The condition p(P)H + C 7Y + means Up G H + , m = 0, 1,2- •• and so 
F[P]j m = 0, for j G Z<, m G Z>, ( equivalently E[P]_,- m = 0, for j G Z>, m G Z<). 
Then it follows from fl2.25| ) that a jm = 0, for j G Z>, m G Z<, showing P ET>. □ 
Let P G T then in (gig) 

a jm = 0, for m > 0, _ _ 

djo = 0, for j > 0, and a o = 1. 

In terms of H[P] we find 



1. E[P]j m = Sj m for j < m (i.e. S[P] becomes a triangular matrix with unit diagonal 
elements.) 

2. In specifying P G T we are free to set the values {^[P]j m )jez > ,mez < ( equivalently 
(oj,m)jez>,mez<)- The other elements of the triangular matrix 5[P] are determined 
by that part of the elements as 

j-m 

-jm = E f(^ m )k^k,k-(j-m) for j>m>0 (2.27) 

k=0 
m-j 

--(j+i)-(m+i) = E Mi; m )k E k ,k-{m-j) for m > 3 > (2.28) 

fc=0 

We do not need to know the explicit forms of the coefficients f(j, m)k and h(j, m)k 
in the following. 

Conversely, we have the following lemma. 

Lemma 2 A triangular matrix (Sy) with = o^- /or j < m is associated with some 
Sty DO S G To if and only if it satisfies the relations ( \2.27[) and ( \2.2fy ) among its elements. 

[Proof] By (|2.25|) , (H jm ) ieZ>i meZ< determines (a J> ) ieZ> , me z < and so 5 G T . □ 



Now we return to the theorem. 

(i) Injectivity of a 

Suppose that cr(5i) = cr(S , 2). Then we have 

~p{S 1 S 2 l V)=~p{V)=H + . 
From lemma [j], it follows S1S2 1 G £> fl r = {1}, thus we have Si — S^. 

(ii) Surjectivity of a 

Let W be an arbitrary element of Gr$. To prove the surjectivity, it is sufficient to 
find a basis for W of the form 



v {m) 



(0 = E (-l) fc+m C fc S_ (fc+1) ,_ (m+1) , m = 0, 1, 2, • • • (2.29) 



k<m 



where the set of coefficients (^jk)j>k, fcez< can be considered as a part of a triangular 
matrix that satisfies the relations ( |2.27D and ( |2.28 ). Then Lemma indicates 
E = E[S] with some S G T and ( ggg ) is nothing but p(SX>) = o^ 1 ) = IV, 
which shows the surjectivity of a. Let {■u/ m ' ) }, m = 0, 1, 2, • • • be the canonical 
basis for w which takes the form 



(0 = C + E CW,™- (2.30) 

k>0 



9 



We can determine inductively the matrix elements Ejk from the coefficients (wj,k) 
to satisfy the relation ( [2.27D and ( 12.281) . First we set = which fixes —1st 



column of S as 

2-i,-i = l, and E k _i = (-l) fc+1 io_ (jfc+ i) )0 k = 0, 1, 2, • • • . 

Suppose that we have determined the matrix S up to — n-th column, i.e. Ejk with 
> k > —n, j > k. Then ELy+i^-^+i), < j < n can be fixed from ( |2.28| ), and 
we set 

« (B) (C) = ^^(C) + (-l) n E2-(n-, + l),-(n + l)^ (n - j) (C), 

3=1 

which determine the elements Hj,_( n+ i) j > 0. The relation ( |2.27| ) only states 
positive columns of H should be fixed by the negative ones. Now we complete the 
proof of the theorem. 



Let 5 G Mat(Z x Z, A). We have observed in (|2723| ) that for a given 5 G r„, S^ 1 



defined through Q2.22| ) gives a frame matrix for an associated subspace W = <j(S) G Gr . 
There exists a natural way to obtain H[P] from a given S\l/DO P G £. Let us define a 
Z x Z matrix ^[P] = (ip[P} jk ), P E £ by 



then the mapping ip 



D^P = Y,i>[P]jkD k . (2.32) 

£ 3 P^Uip[P}e Mat(ZxZ, R). (2.33) 

becomes an injective algebra homomorphism and thus gives a matrix representation of 
the algebra £. The following proposition shows how the matrix S[P] arises from ^[P]. 

Proposition 1 For a given S^DO P, the matrix ip[P] takes the form 

iP[P](x, = e xA+ * r E[P] e -^ A+ « r ), (2.34) 

and hence S[P] = ijj[P}\ x= ^ =Q , where H[P] zs t/ie matrix defined previously, and Y and A 
are i/ie matrices given by 

r = ( fy+i,* )j,fc 6 z and A = ( o" j+2 ,fc )j, fceZ = T 2 . (2.35) 



t Throughout this paper, the subscripts < (>) and < (>) indicate taking the part of non-negative 
(non-positive) integers and the part of negative (positive) integers, respectively. For example, let 5 E 
Mat(Z x Z, A), then E is written in a block form 



We further set 



* and H< = ( S" < ) . (2.31) 
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It is useful to introduce a pairing < , >: H x H — > A defined by 

< f>9 > =^-£ dzd9f(()g(0, f,geH (2.36) 

< , > has the properties 

<Xf,g> = (-1) |A| <f,g>, < f, gX >=< f,g>\, 
< f\,g> = <f,Xg>, X e A, 

< S) C™ > = "n+m+1,0- 

To prove the proposition, let us consider the following integral 

— { dzd6D k e xzHe p(P)( m =< D k e xzHd , p(P)C >, P G 8. (2.37) 
2ni J 

Here we note the following identities: 

< D k e xzHe , C j > = < e™ +&> , C k+j > 

^ for k + j + 1 = -2n, n e Z> 

=Jp for k + j + 1 = -(2n + 1), n e Z> 
otherwise 

= (e^Vc+i) = (e^-^iOjy, (2-38) 

from which it follows that 

D k e xzHe = J2(e xA+ t r ) kj ( j . (2.39) 

3 

In addition we see for P E £, f ETC, integrating by part 

< e xzHe , p(P)f >=< Pe xzHd , f > . (2.40) 

Making use of these equalities, we can calculate the expression ( |2.37| ) in two ways. On 
the one hand, using the notation (|2.19|) , we have 



< D k e xz+ie , p(P)C > = E < D k e xzHe , ( j > F[P] jm 

j 

= (e xA ^ r KF[P}) km . 
On the other hand, from the definition of ip[P], we have 

< D k e xzHe , p{P)C > = < D k Pe xzHd , ( m > 

= E(- 1 )' C+j+|P| ^[ P ]fci < D j e xz+ ^ e , C > 
j 

= (~l)\ p \Ji;[P}Je xA -^K) km . 
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As a result we obtain 

ip[P]Je xA ^ r K = {-l)\^Je xA -^KF[P\. (2.41) 



Putting (|2.23|) into the above formula and taking into account of the matrix identities 



JT + TJ = = JK + KJ and K 2 = J 2 = 1, we get ( ggg) . 



Lastly, we introduce the "adjoint" operation * in £, which plays an important role in 
the field theoretic representation of the SKP hierarchy, and consider the corresponding 
formula in the matrix representation ip. The adjoint operation is an involution which is 
defined uniquely from 

(i) D* = -D, 

(ii) /* = /, for fER, 

(iii) (P1P2)* = (-l) |Pl||P2| P 2 *-PT for any two homogeneous elements Pi, P 2 E E. 

Proposition 2 Let P E 8, then 

ij,[p*] = (-l)\ p \lKi)[P] Bt KI, (2.42) 
where I is a diagonal matrix given by 

/=((-l)^5 ifc ) i)fceZ , (2.43) 
and i/j[P] st is the supertransposition of ip[P]. 

The definition of the supertransposition (we adopted in this paper) is as follows. Let X = 
(Xjk)j t kez be a homogeneous element of Mat(Z x Z, R), i.e. \Xjk\ = \X\ + j + k, mod2. 
Then we set 

(X st ), k = {-lf x \ +k ^X ky (2.44) 
The supertransposition (|2.44|) is defined so as to satisfy 

(XY) st = (_i)Wmy-tx st (2.45) 

for all homogeneous X, Y E Mat(Z x Z, R). Note that successive operations give 

(X st ) st = JXJ. (2.46) 

Now Proposition ^] follows from the definition of ip. Taking the adjoint of 

d j p = $>[p] Jfe rA pes, 

k 
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we get 



fc(fc+i) 



Applying D m , we further obtain 



m+k 



^^■ + (\P\+k+j)(m-r) 



= EEHP 

fc r=0 

Comparing the coefficients on both sides, we see 

(-i)^n 

= E(-i) j 



m + k 
r 



^[P}^ k D m+k - r . 



I mi 



— LiJ 2 — - + (|"|+'+ r— m)(m— r) 



r=0 



/ + j + r 
r 



l+j+i — m' 



Putting j = —(I + 1) and taking account of 



r-l 



S r , we get 



i;[P* 



ml 



■1) 



(i _ m)( ;_ m+1) +|p|(m+ 



(i+l),-(m+l)j 



(2.47) 



which gives the matrix identity ( |2.42| ). 

The following facts will be useful later on. 



Proposition 3 Let P, Q e E, then 
ft) 

(ii) P G V if and only if 

<e^ 9 ,p(P)C m >=0, ro = 0,1,2,..- 

or equivalently 

< e xz+ t\ p{P)e^ x ' z+ ^ >= 0. 

(Hi) PQ* ED if and only if 

< P(x,0e xz+ie , Q(x',C)e- (x ' z+m >= 0. 



(2.48) 



(2.49) 



(2.50) 



[Proof] Let P = J2j<oo Pj{ x i 0^- W follows from a straightforward computation. 



p* e -(xz+£9) _ y^_-g 



(i+ 



E(-i)^ +(i+|p|)i ^-(-^,^) 



-(sz+£0) 
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= £(-l)^;(-d z ,^e-^) 
j 

j 

= p(P) e - {xz+ Z 9) . (2.51) 

(ii) is simply a paraphrase of Lemma [I] since for /(C) G TC, < e xz+ ^ e , /(C) >= means 
/(C) G ^+ and hence ( |2.50|) is a statement p(P)H + C 7i+. 

(iii) follows from (i) and (ii). □ 



3 Time evolution 

3.1 Time evolution and the known SKP hierarchies 

The super-Sato correspondence leads us to the natural interpretation of SKP hierarchies 
as dynamical system on the super-Grassmannian Gr$. As stated in Introduction, various 
SKP hierarchies emerge according to various ways of introducing the set of infinitely 
many (even and odd) flows on the Gr . First we start to describe the two known SKP 
hierarchies, i.e. MRSKP and JSKP hierarchies. Let {£„}„>i be the set of an infinite 
number of the time variables, where the even times {t2n}n>i are even variables and 
odd times {t2n-i}n>i are odd variables, respectively. Now we define the time evolution 
operators Umr and Uj 

Umr =e HMR , with H MR = J2n=i t n D n , 

(3.1) 

Uj = e H \ with Hj = En=o (t 2(n+1) d x n+1 + t 2n+1 d x n d c ). 

Umr and Uj act on Gr through p(Umr,j)Gtq and define the flows for MRSKP and 
JSKP hierarchies. In introducing the infinitely many time variables, we should extend 
the super algebra A to ^4.[[ti,t2, • • •]] and also extend the definition of £, V and To 
appropriately to accommodate the time dependence. (See, for example, the prescription 
in reference 0.) Here, we abuse the same notation £, T> and To allowing them 
to have the time dependence. Assume U(t) = e H( ^ (with H = H M r or Hj) generates 
the flows on Gr . It means that, for an arbitrary element W = p(Sq 1 )H, + we have 
p(U(t))W = p{U(t)S^ l )H + e Gr . Then, from the theorem in the previous section, 
there exists a S^DO S(t) G To such that 

p(U(t)S 1 )H + = p(S- 1 (t))H + . (3.2) 

Thus S(t)U(t)So preserves H + , and hence from Lemma [j] we have 

(S(t)U(t)S 1 )_=0. (3.3) 
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We refer Eq. (|3.3| ) as the Grassmann equation according to ||. In |5[ Mulase established 
the supersymmetric generalization of the Birkhoff decomposition, which states the unique 
solvability of Eq.( |3.3|) , in other words, U^Sq 1 is factorized uniquely into the form 

u^Sq 1 = s(t)ev , Y(t)ev s.t. r(o) = i. (3.4) 

Note that the differential operator Y(t) is invertible in T>. The operator S(t) satisfies 
the system of the equations (i.e. the SKP hierarchy) derived from ( |3.3| ). Let us define a 
one form 

n = du^uity 1 = dt n n n , (3.5) 

n=l 

where d = X)n=i dt n d tn . The explicit forms of the operators fl n are 



O — r) n 

o ~ ?no for JSKP 

"2n+l — 

fi 2 = d n 

o — n2n+i('i / r>2m+i\ fo r MRSKP 

"2n+l — 1,1 — Z^m=0 l 2m+l u ), 



(3.6) 



Applying d to ( |3.4p and decomposing it into the £_ part and X> part, we have 

= -(SQS'^-S, (3.7) 
= (SnS-^+Y. (3.8) 

Equation (|3.7|) is equivalent to the system 



d t2n S = -(sass-^s, 

dt 2n+1 S = -(Sd x n dsS- l )S, 



for JSKP (3.9) 



and 

D n S = -{SD n S- 1 )S, for MRSKP (3.10) 

where 

{D2n — dt 2n , ,g 
£>2n+l = ^i 2 n+i — Em=0 *2m+l^ 2( „ +m+1) • 

Here we mention the unique solvability of the initial value problem for the system ( |3.9| ) 
and (|3.10|) proved by Mulase in [||. The argument is outlined as follows. To obtain a 
unique solution of (|3.7|), first solve 

dZ = QZ, (3.12) 

where Z is a S^DO such that Z(0) G To- The generalized Birkhoff decomposition 
theorem previously mentioned gives unique factorization Z(t) = S(t) _1 Y(i), S(t) G To, 



Y(t) eV s.t. Y(0) = 1. Then and F(t) solve (gj]) and ([3]8]) respectively, as viewed 
in the previous paragraph. The uniqueness of the solution S(t) results from the unique 
solvability (of the initial value problem) of the equation ( |3.12| ) (at least when we restrict 
ourselves A = C) and the uniqueness of the factorization of Z. 
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3.2 Maximal SKP hierarchy 

Looking closely at the form Uj and Umr, we now present a new time evolution operator 
which generates all the flows of JSKP and MRSKP hierarchies. This corresponds to the 
one introduced as 'maximal' SKP hierarchy in ||, so we will call the resultant system 
by this name. In order to realise the 'maximal' SKP hierarchy, we have to double the 
number of time variables, i.e. we introduce two infinite sets of the time variables {t^}«>i 
and {t~} n >i, where even times t 2n and odd times tf n+1 are even and odd respectively as 
before. The time evolution operator we consider is defined as 

Um = U {1) U (0) , (3.13) 

where 

U {1) =e H ^ with 77 (1) = ^(t+ n+ Ad x n + t^d x n+1 ), (3.14) 

n=0 

Lfa = e%> with /7(o) = E(4(n+i)%£^ n+1 + t2(n+i)^d x n+1 ). (3.15) 

n=0 

Since T/m and i7( ) do not commute each other, exponentiation of all the vector fields 
i7(!) and 77 ) in a form such as e H w +H (°'> turns out unsuccessful. Instead we consider 
successive time evolutions: U(o) first generates even flows and subsequently U(i) generates 
odd flows. From the definition, it is evident that the JSKP and the MRSKP hierarchies 
are special cases of this maximal hierarchy and are obtained by setting the time variables 
respectively, 

^2n = ^2n = ^2n? ^2n+l = ^! ^2n+l ~~ > ^2n+l for JSKP, 

= <a» = *2n> 4n+l = *2n+l = Wl for MRSKP. (3.16) 

As before we define the one form 

n M = J2(dt+n+ + dt-n-) (3.i7) 

71=1 

by 

q m = d\J M U M - x = dU {1) U {l) ~ l + U {l) {dU {Q) U m ~ l )U {1) -\ (3.18) 
where d = J2 n =i(dt^d t + + dt~d t - ). Then we have 

0+ — f) f) n -L — \ "* +~ f) n+m+l 

i4 2n+l ~~ u £ u x 1" ? / , L 2m+l u x > 

Z m=0 

^+1 = ^ +1 + ^Ci4 n+m+1 . (3-19) 

Z m=0 



^2ra — 9^d x X/ ( ^2m+1^2(Ti+m)+l ^2m+1^2 



[ '2m+l' iI '2(n+m)+l "2777+1 J "2(7i+m)+l /> 
m=0 



^2n — ^8 x n + 22 (^2m+1^2(n+m)+l ~~ ^2m+1^2(n+m)+l )• (3.20) 



^m+l 11 '2(71+770+1 l '2m+l' i6 2(n+7n)+l 
m=0 



16 



The calculation of Qm is carried out as follows. First we note -f^(i) 3 = 0, which follows 
from the anti-commutativity of the odd times among themselves. We have thus 

U W = 1 + H {1) + ^H (1) 2 , and U (l f l = 1 - H {1) + ^H {1) 2 , (3.21) 

Similarly, noting H^dH^ H{\) = 0, we have 

VL(i) = dU^U^i)' 1 

= [dH (1) + ~ (dH (1) H (1) + H (1) dH {1) ) } (l - H (1) + l -H {l) 2 

= dH {1) + ±[H (1) , dH {1) }. (3.22) 

Putting into ( |3.22| ) the expression (|3.14j) of H(i), we obtain (|3.19| ). Next let us consider 
the even time part of Q. It is convenient to separate and respectively into two 
terms so that the each term contains only one type of time variables (i.e. or t~): 

Hm = ffJ)+ ^ ^ {g; (3.24) 



Because of H^H^ = H^H^ = 0, we have 



and 



C/ (0) = e H <°) +H < ) = e H (°) + e H w - 1 (3.25) 



dU m U m ~ l = ( dH+ e 11 ^ + dH^e H ^ [ e" H W + e"^) - 1 



(0)^(0) = ^( ) e w + «^(0) ( 

dH (0) (3.26) 



Furthermore let us write if(o) as 



where t 2 n and t 2n are defined as 



hn = 7: and t 2n = . (3.28) 
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Noting that H(i)E = EH^ and H^E = —EH^, we have 



(0) 



u {1) [du {Q) u {Q) - l )u {1 f l 



1 + H m + -Htf UdE + dE [1- H {1) + -H {1) 



dE + dE(l- 2//(i) + 2H { 



(i) 



Taking into account the expressions E and H^, we observe that 



(3.29) 



± 
(i) 



(^-^)H? 1) = [flJ )J # (1)J 



and hence 



a) 



(i) 



^(i) - ^(1)1 

n=0 I V Z m=0 

^ (^2n+1^2n+l ~~ ^2n+1^2n- 



n+m+1 



n=0 



(3.30) 



Making use of the above equalities, we obtain the expressions (|3.20|) from ( |3.29| ). As 
in the previous case, assuming that Gtq is preserved through the time evolution raised 
by U M , we are led to Eq.Q. Then the S^DO S(t) satisfies Eq.Q with Vt M . From 
( CT ) and ( |3~20D , Eq.Q reads 



E"2n+lS 
^2n+l^ 
DtnS 

E>z n S 



■(SdtdSS-^S, 
{SdgdSS-^S, 

is^d^s- 1 )^, 



(3.31) 



where 



D ± 



D. 



2n 



o ^ -2m+l(^t+ , ... , ) 

/ "~^„ 2(n + m + l) 2(n + m + l) 

771=0 



^tj n+1 O X! ^27Tt+1^2(n + m +l)' 



m=0 



m=0 



2(n+m) + l T 2(n + m) + l 



(3.32) 
(3.33) 



The above system of equations defines the maximal SKP hierarchy. It includes all the 
flows of MRSKP and JSKP as subflows. This is first main result of the present paper. 
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Note that D 2n + D 2n = d t + + d t - = d t2n with t 2n being defined in ( p.2S| ). The time 

2n In 

differential operators (n > 1) satisfy the commutation relations 

{Dtm+l-i D 2n+ l} = — (-D2{ m +„ + l) + -^(m+n+l)) = — ^2(m+n+i) ' 
{-^2m+lJ -^2n+l) = {-^2m+15 -^2n+l} = 0' 
[Ajm+1' D 2n ] = =t£>2(n+m)+l , 

[-^2m+l' ^2rJ = = F-D 2 (n+m)+l' 

[AL^&] = [^i»,^]=0. (3.34) 

This set of operators gives a representation of the Lie superalgebra generated by the 
super vector fields, 

/ = W\ / = W» n , (3 35) 



X ) 



n = 1, 2, • • •, which are considered as a positive frequency part of the generators of 
It is not hard to see that the series of equations Df t S = —(SV^S'^S leads to 

[Dt D^] ± S = (S[V±, V n ^] ± S-^S, 



and hence the integrability requires fl3.34| ), irrespectively of the explicit forms of the 
operators D^. 

3.3 Solution of the Grassmann equation 



We return to the Grassmann equation (|3.3j ) and try to solve it. The problem is reduced 
to that of linear algebra by making use of the matrix representation introduced in the 
previous section. Eq.( |3.3| ) takes the form in the matrix representation ||0 

J2 sj(x, O^U^S^m = 0, m = 1, 2, • • • 

i<i 

with S(t) = , £ l s j (x,t;)D i , s = l. (3.36) 

j'<i 

From Proposition [[], the matrix ^[U^Sq 1 ] takes the form 

ij;[U{t)S^\ = e xA+ t r <S>(t) E e~ xA+ t r , 

where we write 

S = S[% 1 ] and $(t) = E[U(t)], (3.37) 



* In writing U(i), we let t express the time dependence symbolically. So hereafter when concerning 
the maximal SKP hierarchy, t stands for {t^}- 
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for simplicity, and use this notation in the following. Since (e lA+ ^ r )>< = and (e xA+ ^ 
is invertible, Eq. ( [3.361 ) is rewritten as 



<< 



Q Z ( x i 6, *k-m = 0, m = 1, 2, • • • 
with t) = e xA+?r $(t) So. (3.38) 

To solve Eq. (|3.36| ) or (|3.38|) , let us remind ourselves of some basic ingredients of linear 
superalgebra. Let X = (^')i jG z be an even homogeneous element of Mat(Z x Z, A) 
i.e. \Xij\ — i+j (mod 2), and let Xj = (Xij)ij eInZ be a sub-matrix of X specified by a 
set of indices /cZ. Supermatrices are often written in the block form with respect to 
the Grassmann parity. Let us associate with Xi a matrix Xj 

Xi = (^/ b ) a, 6=0,1 j Xf = (Xij) j 6 { a +2Z}n/, je{fc+2Z}n/- (3.39) 

When the matrix X® (X} 1 ) is invertible, we define a matrix X®° (X} 1 ) by 

X™ = Xf - Xf{Xf)- l Xf, X} 1 = Xj 1 - X}\Xf)- l Xf. (3.40) 

The superdeterminant of the matrix Xj (or Xj) is defined, as usual, by 

detX°° detX™ 

sdetX 7 = - — = 3.41 

detX) 1 detX) 1 V ' 

Keeping Eq. ( |3.36|) in mind, let us study an equation with a given matrix X<< 

v<X<< = 0, (3.42) 

where v< = (vj) j<o is a semi-infinite row vector with a restriction vq = 1. If both of 
the matrices X<< and X« are regular (i.e. det X<< ^ 0, det X<< ^ and det X<< = 
det X<< 7^ ), a unique solution for v< is given by 

sdetX<< ,. . . 

It is evident that v< given above satisfies Eq. (|3.42|) , and v o = 1 results from 

( Y _^o-n _ det x << _ sdetX« 



detXf< sdetX<<' 

here the last equality holds because in our notation X<< = X<<. Of course the right 
hand side of Q3.43j ) depends only on the part X<<. In ( |3.43j ), sdetX<< • (X<<~ ) j is 
considered as a (0, j)-cofactor and is expressed in terms of superdeterminants as shown 
in ||, affording the supersymmetric generalization of Cramer's formula. However the 
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expression (|3.43|) is more convenient for later use. Returning to (|3.38|) we observe that 



Z(x,£, t)\ x= £ =t=0 = S and (Hq)^- = for j > i, and thus we can conclude that 
formally Z<< and Z« are both regular. Consequently, Eq. Q3.38|) has a unique solution 



The concrete expressions of tp[U(t)] for each SKP hierarchies are calculated as 
ip[U MR (t)] = exp^TfVxJr^ + ^A'), (3.45) 

1>[Uj(t)] = exp^j^C^-enr^+^Aj, (3.46) 

i>[u u (t±)} = expEj^il^-enr^ + ^^-l^ + enr^} 

x expE [tU 1 -^- - £JT)A J + + £Jr)A<} , (3.47) 

Here we note $(t) = E[l/(i)] = ^>[!7(t)]| e=0 . 
3.4 Super-wave function 

The notion of the super-wave function (or Baker- Akhiezer function) arises naturally from 
Eq.(|3.3p. Taking Proposition |3] (ii) into account Eq. fl3~3]) is rewritten as 

< S(t)U(t)e xz+ t e , p(5 ~ 1 )C m >= 0, to = 0,1,2,- •-. (3.48) 

Here 

w(x, £, *; C) = S(t)U(t)e xz+ t e (3.49) 
is the super-wave function of the SKP hierarchy. Remember that 

v^ = p(S 1 )r = T,C j ( F o)^ m = 0,1,2,.-., with F = JK~ Q KJ 



are the basis vectors (|2.19|) of the subspace Ws = cr(So) G IV Therefore in terms of the 



wave function w of the form ( |3.49 ), Eq. ( |3.3| ) is equivalently represented as a statement 



w(x,a,t;()EW So ± . (3.50) 

where Ws ± is the subspace orthogonal to Ws with respect to the pairing ( [2.361 ). 
From ( |3.7| ) and ( |3.5| ), the super- wave function satisfies 

dw = (SQS-^+w . (3.51) 



21 



Let us denote the factor U (t) e xz+ ^ 6 by A(x, £, t; £). Consider the maximal SKP hierarchy 
and define formal power series 



tf(z 



t e (z 



t c (z 



tf(z 



E* 



2m * i 



m=l 

2 



= tj(z)-t-(z) 



E ^2m+l 



m=0 



tt(z)+t-(z) 
2 

tf(z)±t 



U z) = m=m 



(3.52) 

(3.53) 
(3.54) 



Then we have 



A M (x,£,t ;C) = U(i)U(p) exp(xz + £9) 

= exp { £+(*)«% + ztj(z)£ } exp { t+{z)dg + t^{z)^ } exp(xz + £6) 

= exp xz • { exp | *+(*) - ±z (t+t;(z) + 2#"(z)) } 

+ exp \t~{z) + \zttt~{z)} (tt(z) + 00 



(3.55) 



exp | xz + t+(z) + £zt (z) + tf(z) (e exp(-2t e (z)) - -ztj{z) 



and 



w M (x, £, ^ ; C) = £, ; 0- (3-56) 

The wave functions for JSKP and MRSKP hierarchies]^] are obtained from ( |3.55| ) and 
( p.56| ) by replacing the time variables as in ( |3.16|) . For JSKP, putting t£(z) — > t (z), 
t~(z) = 0, i (z) — > \t a (z) and t^(z) = t~(z) = t e (z), we have 

Wj(x, f , t; C) = S(t) exp ( xz + £6 + t e (z) + t {z) 9 ) , (3.57) 

and for MRSKP, putting t„(z) = t~(z) = t Q (z) and t^(z) = t~(z) = t e (z), we have 

w MR {x, f , t; C) = S(t) exp { xz + £ (9 - zt (z)) + t e {z) + t {z) 9 } . (3.58) 

Here we make an additional remark. From ( [2.39|) we notice that, for P = J2jPj ^ ^ 



Pe^ e = J2pAe xAHr hmC 



(3.59) 



and hence for P, Q G £, 

PQe^ e = J> (me xAHF ) 3 m C = Eft {e xK+ ^[Q]) 3 m C- (3.60) 



Thus the wave function w has the expression 

^(x,e,t;C) = E^C m with w m = Y,Sj(e xAHT Ht)) im - 



(3.61) 
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3.5 Dual wave function and the bilinear identity 

Let us introduce an operation * for invertible S^DO's by 

P* = (P- 1 )* = (P*)-\ 



(3.62) 



For example, consider this operation on the set of even monic S\l/DO's denoted by £ X . 
Then * defines an endomorphism of £ X . We also define an operation * for invertible 
(even homogeneous) matrices X G Mat(Z x Z, A) by 



X* = IK(X st Y l KI. 

Then, from (|2.42|) we have 

j[P*\ = j[P\*, PeE*. 

Applying the operation * to ( |3.3|) , we obtain the equation for S*(t): 

(s*(t)u*(t)sz~ 1 )- = o. 

As in the case of wave function, we can write this equation in the form 
< S*{t)U*{t) e~ (xz+ Z e \ pis*" 1 ) C m z __ z >= 0, m = 0, 1, 2, • 



(3.63) 

(3.64) 

(3.65) 

(3.66) 
-9 



Here, for later convenience we put, in the integral defining the pairing, z — > —z, 9 - 
(i.e., C m —* {— 1) 2 C m = 4m( m , m G Z ). The dual wave function is given by 

w(x,te\Q = S*(t)V*{t)e-l'»* s >. (3.67) 

Let us calculate the factor A = U*(t) e~( xz+ ^ 9 \ For the maximal SKP hierarchy, we have 

AM(x,^ti n+1 ,q n+1 ,t+ n ,t^ n ;C) = exp{-(xz + £e)} 

= ex P e { ti n+ A(-d*r - w(-3.) (B+1) } 

n=0 

x exp - £ { 4n£%(-cy n + t^tf-flS,)" } exp{-(x* + ^)} 

n=0 

= exp £ { -^+1^," + t 2 - , +1 ^ (n+1) } 



n=0 

X 



exp - £ { t^d x n + t+Jdsd x n } exp (xz + £9) 



n=0 



X — ► — X 



Am( x i ^2n+l5^2n+l5 ^2n' ^2n ) 

exp | -irz - £7(2) - £zt (z) - t£(z) (9 exp(-2i e (z)) - ^ztj(z) 
exp2i e (z) ■ Ajuix,^^ ; £) 



(3.68) 
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In (|3.66|) we see 

;M = (-i) r ^ p (S*- 1 )C m =T,C 3 (F ) jm with F = IJK~ *KJI. (3.69) 



J 



Then from ( |3.63 ). 



F = J(E ) J. (3.70) 

Fq is a triangular matrix (-Fb)ij — , for j > m, inheriting the triangularity from 
Ho = ^[Sq ]. Therefore the matrix^ (Fo)> can be considered as a frame matrix of a 
subspace in 7i, which we denote by Ws , defining an element of the super-Grassmannian 
r . Then Eq. ( |3.66|) asserts 

w(x,£,t,0£Wi- . (3.71) 

The validity of the bilinear identity for the (MR)SKP hierarchy has been established 
in || . Actually its validity does not depend on the explicit forms of the time evolution 
operators. For completeness we state the bilinear identity with its proof. Consider the 
SKP hierarchy whose time evolution operator is U(t). 

Theorem 2 Letw(x,£,t; £)_= PA(x,£,t; () andw(x,£,t; () = QA(x,£,t; (), P, Q G 
To, where A = Ue xz+ ^ e and A = U*e~( xz+ ^ e \ The necessary and sufficient condition for 
w and w being the wave function and its dual for the SKP hierarchy concerned is that 
they satisfy the following bilinear identity: 

j dzdO w(x, £, t; Qw(x', t'; () = 0. (3.72) 

[Proof] (Necessity). Let P = Q* = S and set = £j ( j {F ) jm and = Ej t j {Fb)jm 
as before. In addition to the fact that {«' m '} m ez> and {v^ m '} mE z > are the basises of 
Ws and Ws respectively, {n' m '} me z and {v^} me z are both considered as bases of H 
since F and F are both triangular matrices with unit diagonal elements. Then 

< „W >= (jp*JKF ) jm = K jm = 5 j+m+1 , , (3.73) 

which says 

Wi = W So and Wi = W So . (3.74) 



Therefore, from ( |3.5(J| ) and ( |3.71| ), we find the bilinear identity. 



(Sufficiency). From Proposition | (iii), we have (P(t)[/(t)[/(t / ) _1 Q(t / )*)- = °- Putting 
t n = t' n and noting P, Q e Tq, we see Q = P*. Moreover from the bilinear identity, 







/ dzdO d tn w{x,^t- C) w{x',Z',t'; C) 



<j> dzd9 ( B n w(x, £, t; () )w(x', f , t'; £), 
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where B n = (d tn P)P 1 + PQ n P 1 - Again from Proposition |3] (iii), we have 

{{B n PU){t){U- l Q*){t'))_ = V. 

Putting t n = t' n together with the fact Q = P*, we see (-B n )_ = 0, from which follows 
the Sato equations d tn P = -{PQ n P- l )_P- 1 . □ 
Let us make a few remarks on the dual wave function. 

1. Let 

5*(*)=E(- 1 )^ ? i^- ( 3 - 75 ) 

j<0 

From ( |3.67| ) and taking account of ( |3.60D , we see the dual wave function has an 
expression 



w[x 

= E 



&*;C) = E^( e " (xA+€Jr)/$ (^ J )^C m 

J2(-±) m C ( e- {xAHJr) i<s>(tyi y^sj 

= Er (m+1) ( Je-^+^m-'J ) mj (Js) Hj+1) . (3.76) 

To obtain the above expression, we use the identities (£r) st = K^JTK, A st = 
KAK, IT I = -JT and IAI = -A. 

2. As the counterpart of Eq.( |3.38| ), rewriting ( |3.65| ) as before, we have 

X)(/^*/fesj = 0, m = -l,-2,---, with Z = e xA+ t r $(t) S . (3.77) 
i<o 

We can solve this equation in terms of the matrix Z as follows. Noting K st = JK 
(K is a parity odd matrix), we see from the definition of the * operation 

(IZ*I) st KZ = —K, (3.78) 

and hence especially 

J2{P^*I)mj Z -{j+^,k = °> for m < and k < 0. (3.79) 
jez 



Let us consider the N x N matrix 



zg> = ( ^ ] , (3.80) 



«< 
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where the symbol <C represents indices running on {—2, —3, • • •}. In other words, 
c Z« except its —1st row is r 

. Then from (|3.79|) we have 



Z< J < is a matrix Z« except its —1st row is replaced with the j'-th row of the matrix 



Z>< 
Z« 



r(-3-l) 



= ^{IZ+iy^-sdet^ 

= J2(IZ*I)^ ■ Bdet^zfc^ , (3.81) 
i<o 



where sdet„- is defined, using the previous notations, as 

det X 11 

sdeKXj = ( = (sdetX,)- 1 ). (3.82) 

The second equality in ( |3.81| ) follows because of the known property of the (super) 
determinant: 

sdeW ( Z<<< ) = °' fOT JE {- 2 '- 3 '-"}- 



Now from ( 3.8 1|) we have a solution of ( [3. 771 ) normalized by Sq = 1: 



*-i = -r-^r- sdet^Z^< 1] , j = 0, 1, 2, • • • . (3.83) 
sdet„-Z« 

4 The operator theory for the SKP hierarchies 

In this section we reformulate the results in the preceding sections in the field theoretic 
language. 

4.1 B-C system 

The B-C system [[T8[] consists of a pair of superfields B and C that take the forms 

B(z,0)=p(z)+9b(z), C(z,9)=c(z)+y(z)6. (4.1) 

We set, for the time being, the superconformal weights of B and C to be and |, 
respectively. The mode expansions of the fields are 

b{z,o) = Eo^+j + ^-^Er^j, 

j'ez jez 

com) = E^ + Ti-^-^E^. (4-2) 

jez jez 
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Here we set 



B V - b v _j j C 2 j - Cj, 



and *\ J ' (4.3) 



The oscillators satisfy the ( ant i-) commutation relations 

[C m , B n ]± = C m B n — {—l) mn B n C m = 5 m+n fi, 

[C m , C n ] ± = [B m , B n } ± = 0, (4.4) 

and generate a non- commutative algebra (super Weyl algebra) denoted by A BC - A BC is 
a tensor product of the Clifford algebra A bc generated by the oscillators b n and c n and 
the Weyl algebra generated by the oscillators P n+ i and 7 n+ i: 

A BC = A bc A Py . (4.5) 

Let us define a set of current operators 





= lim{ —b(z)c(w) H — } = 

w^z L Z — W 


nez 


r(z) 


= lim{ —B(z)^(w) } 

w^z z — w 


= E r n z~ n ~ l 

nez 




= c(z)p(z) = j:€ + ^ n '^ 

nez 2 






nez 2 





(4.6) 

These currents form generators of a super Lie algebra gll\l. We denote its envelope (i.e. 
super Heisenberg algebra) by A^: 

Urn, 3n\ = ±mS m+nfi , 

[jt3n\ = 0, (4.7) 

[Jm, VV ] = T^Wr, (4-8) 

W, V^} = (~ r + 2)^+3,0 -fr+s, With jm^m + Jm: 

tf] = 0. (4.9) 

Note that the total current of the system j f (z) = j + (z) + j~(z) satisfies 

[f(z), j\w)\ = and [f(z), ^(w)} = 0, (4.10) 
and especially j$ is a central element of A^. 

Next, we recall the Fock representations of the B-C system. Let us define the vacuum 
state |0> = |0) ftc ® 10)^ by 

C m |0)=0, form>0, and B m \0) = 0, for m > (4.11) 
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and consider the Fock space (i.e. left A^c-module) generated from this state. We denote 
it by J-'bc- O ne can 8i ^ so consider the charged vacuum states 

IM> = bL®l?k s p.?ez, (4.i2) 

where the states \p) bc and \q)„ are specified by 



T " I ~ P ' l n ) \P\ = and f r r > ^ > } b), = 0. (4.13) 
for n > p, 6 n J 1 /6c for r > — p, /? r J 1 11 ^ K ' 



These state have expressions such as 

u\ = J c -(p-i) • ' • c -i c ol°L f o r P > 0, uu] 
lPL " \ b p ---b_ 2 b^\0) bc for p<0 

,v U(^)--^-|W_j)|0>^ forp>0, 

lPk " I % P+ i)---%-|)%-i)|0) /37 forp<0. l4 ' i5J 

The regularization of the current j appeared in ( |4.(j| ) are defined so that Jo"|0) 6c = and 
Jo"|0)/3 7 = 0) an d then the state \(p, q)) possesses the following properties for the current 
algebra A^: 

tin ~ p8no)\(p,Q)) = 0, for n > 0, 
tin ~ q8rio)\(p,q)) = 0, for n > 0, 

^V~l(p><z)) = 0, for r>p + q— 1. (4-16) 
Let us consider the Fock representation of A#c generated from |(p, g)). Since 

we have a unique b-c Fock representation The = A{, c |0) bc . On the other hand, since 

A^b)^ ± A^lg)^ for p^q, 

we have inequivalent Fock representations = A^p)^, for every integer p called 
"picture charge" (T^j . Therefore the Fock representations of the total B-C system are 
given by 

= peZ. (4.17) 

Actually, to realize the super-Grassmannian within the language of the B-C system, it 
suffices for us to work on the 0-th picture J-^c- 

To obtain correlation functions, we need to prepare bra-states. The vacuum bra-states 
are defined through the involution t in A BC : 

b[ = b- n , 7* = 7_r, 

4 = C. n , $ = -P-r. (4.18) 
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Then we see that 

Un y = -J-n - Q ± $n,0, tf* = , (4.19) 

where Q ± are the so called background charges which in our case are given by 

Q + = -1 and Qr = 0. (4.20) 

We set 

<(p,«z)l = (l(p, «)>)*■ (4-21) 

Then we have 

>I.7o + = -(p-1)JpI and ,Mh=-<l,M- (4-22) 
The relative normalizations of the bra- and ket-vacuum states are fixed by 

J-P + IbL = 1 and ,(-q\q\, = 1. (4.23) 

4.2 Representation of solutions for the Grassmann equation 

We know that the Fock space of the theory of free fermion such as the b-c system 
is constructed in terms of semi-infinite wedge products (or semi-infinite products of 
Grassmann odd variables). We can extend this view in a supersymmetric way. Let C 2n = 
c n and C2n+i = 7 n +i 5 n G Z be infinitely many odd and even variables, respectively. 
The algebra A B c is represented through 

Cj=>Cj and Bj (-l) j <% , (4.24) 

and then the vacuum states are expressed as semi-infinite products of delta functions: 

oo oo 

\m)= n % n^)- ( 4 - 25 ) 

j=l-p k=q 

Hereafter we use the notation YYjLp on the understandings that the indices of the odd 
variables are increasing from left to right in its products: 

oo 

IT 9? = ' ' ' • 

3=P 

Note that for odd variables c n = 5{c n ). 

One can observe easily that the correlation functions are calculated formally by multiple 
integrations: 

((pWMC;, Bj)\( P , q )) 

(4.26) 



/ u dirf Udcim, (-iyd 5 ) n e,- n^a 

r>-q' l>p' j>i~P s >1 



7 r — 0, r< — q f , 
ci=0, Kp' . 
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where /(Cj, Bj) is some polynomial function under consideration and the integration 
over the odd variables / Ylj> P dcj is Berezin integral defined as 



j J dcj h{i 



(4.27) 



We notice that the expression ( 4.26 ) is well defined only when q' = —q. 

Now we link the B-C system with the SKP hierarchy. Our argument here is straight- 
forward. Let us return to Eq.( |3.38| ) and its solution ( |3.44| ). Consider a linear transfor- 
mation 



C; 



X 



We associate the matrix X< with a state 



\x<) = n c{X)s n to. 



s>0 



Then, using the formula (|4.26|) , we can show that 

((1,0)|X<) = ((0,0)|C o |X<) = sdetX«, 

and moreover 

' sdetX<< • {XkkT^q^ for j > 0, 

((0,0)\Cj\X<) = < 

for j < 

Thus the solution fl3.44|) can be expressed as 



(4.28) 



(4.29) 



(4.30) 



(4.31) 



s-j(x,£, t) 



((0,0)|Q|Z<(x,£, t)>, J = 0,l,2- 



((l,0)|Z<(x,e, *)> 

One way to compute ((0, 0)|Cj|X<) is to change the integration variables: 
Cj — ► Cj = CkX_ k _j + CfcX_ fe _j = C(X)j, j = 0, 1, 2 ■ • • 

fc>0 fc<0 



(4.32) 



(4.33) 



where C< are considered as auxiliary constants. Then the Jacobian is given by 

/ n d ir I n dd i = sdetx<< f n d% f n ^ . (4.34) 

^ r>0 ^ j>0 r>0 ^ j>0 

Expressing Cj, j > in the integrand in terms of C> and C<, we have for j > 0, 



((o,o)ic J ix<) = / n / n ^ <^ n n 

r>0 fc>0 fc>l r>0 



C< =0 
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sdetX<< J J| d% J n dc' k J dc 



r>0 k>l 



k>0 l>0 k>l r>0 C<=0 

= sdetA<< • (X^~ 1 )o,-j • (4.35) 
Here we take the convention as if the factor / lTj>i dcj is Grassmann even: 

/ II ^ = ^ / II dcj for an arbitrary odd const. A, (4.36) 

i>i j>i 

which is equivalent to the requirement 

<(1,0)|A = A((1,0)| and A|(0, 0)) = |(0, 0))A. (4.37) 



We can also show that the expression (|3.83|) for the solution of Eq.( |3.77|) can be repro- 
duced by 

(-iys^(x,t t) = o) | z<(x e t)) ((1 ' 0)l 7 5 Bj "- 1 \ z< ^ j = ' 1 ' 2 '---- 

(4.38) 

The formula above can also be derived from a similar calculus as in ( |4.35| ), which seems 
of some interest, so we present it in Appendix A. 

4.3 Lie algebra a^^A) 
Let us define the superlinear space 

H = ( © C Cj) ® A. (4.39) 
iez 

Of course there is correspondence between H and TC with Cj <-> According to 

( |4.28| ), consider the GL(H) transformation 



C(A), = £ C fe A%,_,, (4.40) 
fcez 

So far we do not be careful with the infinite dimensionality. Here we set X belongs 
GL(H), if and only if 

Xij = 0, for \i — j\ ^> 1, 

and X is invertible. The commutation relation (fOj) is then preserved provided the 
transformation of the oscillators Bj 

B(X), = (JX~ l J) jk B k (4.41) 
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is accompanied. Because of this symmetry we can construct, in the Fock space J~gQ, 
representations of GL(H) and the associated Lie algebra a^^A) defined below. First 
we introduce the Lie superalgebra (over C) a^oo = aoo|oo © Qaolooj : 

aoo|oo = { X = (X tj ) £ Mat(Z x Z, C) Xy = 0, for |i - j\ > 1 }, 

ftooloo. = { X £ Oooloo I X 01 = X 10 = }, 



(I 



aooloo, = { X £ aooioo | X 00 = X 11 = }. (4.42) 

Then the Lie algebra aoo|oo(-4) is defined as the even part of the tensor product a^oo <8> 
^4p!6|. Now we associate the quadratic operators with X £ aoo|oo <£> A: 

J[X\ = E : QX, fc B, : (-l) fc = E + ^ 5,X^, ,^(-1)^'^^ 

j,k j<k j>k 

= Y,{ C i X -i*M-V k ~ ((1,0)| CjX-jjkB* |(0,0))(-l) fc }. (4.43) 

Then we see J[X] generates the infinitesimal transformation of (|4.40[ ) and ( |4-41| ): 

[J[X], Cj] = £ C k X^j , [J[X], Bj] = - J2(JXJ) jk B k . (4.44) 

k k 

Commutation relations among the quadratic operators are 

[ J[X], J[Y] ] = J\ [X, Y] ] + C(X, Y), (4.45) 

where 

c(x, y) = y, x^i-iy - x j; y ;j i- \y }. (4.46) 

i<-l j>0 

Note that the right-hand side of ( 4.46 ) is a finite sum when X, Y £ aoo|oo(-<4)- The above 



commutation relation defines a central extension of a^^^) : 

flooiooM) = aoc|oo(-4) © A 1. (4.47) 

4.4 Formula for the (dual) super-wave function 

The oscillators (with positive frequencies) in the current operators ( [4.6|) are expressed as 



jt 


k 


■ 1+ 2 J A% 


3n 


— E ~^2{k+n)+\B^2k- 
k 






= E ^ ^2(k+n)B-2k+l 
k 


= j[A 1 + J r 2n+1 




= E ^ ^2(k+n)+lB-2k 
k 


= J[A X ~ J T 2n+1 



(4.48) 
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all for n G Z>, where A is an odd parameter. Therefore, remembering the time evolution 
matrix $m(£ ) obtained from fl3.47|) and using the formulas obtained in the previous 
section, we have 

£ C-j (e^ r $ M (t ± )), m C m = E C-jDtAuix, £, t± ; C) 

= e^+« ff $ M (t±) C(C) Sm^)"^"^^, 

= e^ +f,J $4/(^)5(0 SmC^)"^ - ^^, (4.49) 

where 

a = ^+ + VI, .7i = J! + + h, (4.50) 

2 2 

and 

$ M {f k ) = exp(^ + [t G + ] - r[t~]) exp(j+[t+] +r[* e D- (4-51) 
Here we use the following notations: 

J^] = E^J^/^WW. (4-52) 

f 5^<fetf(*# + (*) for ^+[*+], 
-o J [ J-<Mz^-(z)^(z) for 



At this stage we are led to field theoretic expressions for the wave function and the dual 
wave function from ( |3.61 ), ( 3.76Q , ( 4.32 ) and ( 4.3S ), which are the main results of this 
section: 

= - ( ((0,0)|e'** g $(t)C(O|5 <), (4.54) 

w(x,U;0 = , I. ,s ((l,0)\l±e^$(t)B(()\E 0< ), (4.55) 

where 

r(z,£,t; C) = ((1,0) |Z<(x,e, t)) = ((1, 0)| e^+^ |5 <) (4.56) 

is considered as the tau function of the SKP hierarchy. However, one needs ^{t^) of 
the maximal case in order to draw the wave function from the r-function. 
For a given X G GL(H), we can find an element O(X) in Abc such that 

d(X)Cjd(X)- 1 = C(X)j and 0{X)B j 6(X)- 1 = B{X) j . (4.57) 

The associated state \X<) lies on GL(H) orbit of the vacuum state, i.e., \X<) = O(X)\(0, 0)), 
and is viewed as a section of the dual determinant bundle DET* over the Gr$ ||16||. 
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Although we take here a direct way to show that the wave function and its dual 
can be expressed in such forms of ( |4.54j ) and (|4.55| ), this can be simply derived from 
( |4.49| ) and the fact that (|4.54|) and (|4.55|) satisfy the bilinear identity (|3.72p . Since 
§ dzd6C(Q ® B(Q is GL(H) invariant, we have the super-Plucker equation[17 



fdz<WC{O\E o< )®B(C)\E o <) = 0, 



(4.58) 



from which ( 3.72 ) immediately follows. 

Let us mention about the characteristics of the known SKP hierarchies which we can 
see immediately. For JSKP hierarchy, the operator (|4.51 ) reduces 



and we see 



$j(t) = exp(i: + [t ]+j%}), 



ij + [t ] = — idzde{t (z)+t e (z)e}j{z, 

Z7TZ J 



where J(() is the superconformal current 



J(C) = - : B(C)C(C) : 



(4.59) 



(4.60) 



(4.61) 



Therefore the super-wave function ( |4.54|) in this case respects the superconformal struc- 
ture (i.e. can be viewed as a superconformal field), if the state |S <) is associated with a 



super- Riemann surface by the super-Krichever map [[2~2]j . On the other hand for MRSKP 
hierarchy, we have 



$ MR (t) = exp{ (ifj + [t ] +]%}) - i/>-[t ] }. 



(4.62) 



Here ifi~{z) = b(z) n /(z) is one of the charged fermionic generators of the N = 2 super 
Virasoro algebra of the B-C system. Therefore deformation of the geometric data through 
^~[t ] generates variation in the moduli of the supercurve.^] Thus the superconformal 
structure will be violated even if it exists in the initial data, in the context of the N = 1 
superconformal symmetry. 



5 Tau function description of the SKP hierarchy 

Our main goal in this section is to express the (dual) wave function from the tau func- 
tion through vertex operators. To do this we recall, as an intermediate step, the su- 



perbosonization scheme introduced by Kac and van de Leur[17|]. Then we construct the 
vertex operators which act to the r-function and give the effect of inserting B and C 
fields in the correlation that represents tau function. 
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5.1 Kac-van de Leur superbosonization 



In |L7j Kac-van de Leur established a super boson-fermion correspondence between the 
Clifford (or Weyl) superalgebra and the super Heisenberg algebra We describe 

here their construction heuristically, with notational change pushing forwards that their 
Weyl superalgebra is just the B-C system. Since the fermionic b, c and bosonic (3 and 
7 fields carry their own charges, we have to introduce, in addition to the gll\l currents, 
the operators e^o ; with being the conjugate operators with j$ , which produce the 
charge sector in the Fock spaces: 

[jo,e+f] = and [ j± e# ] = [j± e+° ] = forn + 0. (5.1) 

In addition satisfy 

e-^^f e< = ^± ±1 , e-^^jf = ^ ±1 . (5.2) 

These relations are most easily recognized from the well known Friedan-Marinec-Shenker 
(FMS) bosonization formula of the B-C system [|I8||. Let us introduce the fields 

I X— Jn z~ n and <j)i{z) = ± E - j-n z n - (5-3) 



>> 



z 



n>0 n n>0 n 



As for the fermionic b, c fields, the superbosonization rule is nothing but the ordinary 
bosonization: 

c{z) = e^W^e^, b{z) = e -^^e-*< w e-*> w . (5.4) 

A simple way to see the rules for the bosonic (3 and 7 fields is to make use of the following 
OPE's: i 

■0 + (,2) 6(u>) ~ V~(- 2 ) c (' u; )~ Tl- 2 )- (5-5) 

z — w z — w 

Putting the expression (|5.4j ) and taking into account the identities 

e£+<W ^(z) e**<W = _L_^,±( Z ) ; fo r |z|>H, (5.6) 

e ± ^il} ± {z)e^ = -^(z), (5.7) 

z 

one finds the following superbosonization rule. 

ry( z ) = e^z 1+ ^e 4 '< {z) ^~{z)e^> {z \ 



f3( z ) = e^z'^e^W^We^^. (5. 



^Actually, there is no essential difference between the Clifford and Weyl case. 
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For our purpose it is enough to know the formulas (|5.4j ) and fl5.8|) . We notice that the 

current j~ = — : /?7 : (or </>>) does not appear explicitly in these formulas. In particular 

< 

we do not need the operator e ^° (which changes the picture number), because the 
charges of the /?, 7 are carried through t^ 1 * 1 as well. In addition to (3 and 7, there exist 
fields which intermediate different Fock spaces (i.e. different pictures) as we have 
seen in the previous section. So much for the superbosonization. We defer the rest to 
Appendix [B[ Next, let us consider the representation of the super-Heisenberg algebra 
Aj^, on the Fock space J- go- In |L7| it was shown that J- B c ls decomposed into a direct 
sum of irreducible representations of Aj^ according to the total charge number m G Z: 

^b ] c=®^\ with jl^=m^. (5.9) 

meZ 

From ( [4.16| ) we observe that the highest state |m) which specifies the representation JF^ 
is not |(m, 0)) itself but is given by 



^•••^-_3|(m,0)) = ( 7 _i) m ^1(1,0)), for m > 1, 

\m) = { ' (5.10) 

^■■•^H_|IK0)) = (/3_i)H|(0,0)), for m < 0. 

Then the state |to), m e Z satisfies the highest weight conditions 

. _i_ 1 1 I \m), for m > 1, ._ , . f (m — 1) I rrz) , for m > 1, 

u 1 ' [0, for m < 0, [ m \m), for m < 0, 

in l m ) = 0> for ri > and ^ |m) = 0, for r > 0. (5-11) 

The highest weight states for the right Aj^-modules are similarly defined through (m| = 
(|m))t. We notice that the states (1| (|1)) and (0| (|0)) satisfy the additional conditions 
respectively, 

(l|Vt = (^i|l> = 0), 
2 2 

(0| ^7 = (f7 |0) = 0). (5.12) 

2 2 

Note also that for an odd parameter A, 

, . f \{m\ for to > 1, , , 

(TO A = < \ / '1 f / n ( 5 - 13 ) 

I —A (m| for m < 0, 

which follows from our convention ( |4.36| ) for the state (1| and from ( |5.10| ). 
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5.2 Vertex operators 

We are now in a position to construct the vertex operators which are defined as 

V c ((; x,^,t ± )(l|e^ + ^$(t ± ) = (0|e^ +5<T $(t ± )C(C) 
= (0|{ c(z) + 7 (*)($, + i'd x ,) } $(t±) A M (x', f± ; C) 

Vb(C; x,e,t ± )(l|e^ +§CT $(t ± ) = (2|e^ + ^$(t ± )S(C) 



(2|{ /?(*) + b{z){d? + £d x ,) } e^ + « CT $(t±) A M (x', f± ; C) 



, (5.14) 



where A M and A M are given by ( |4.51| ), ( |3.55| ) and (|3.68|) , respectively. Given these 
operators, we can express the wave function and its dual in terms of r function as 



i 



l 



In order to obtain the above vertex operators, it is sufficient to find the operators 



(5.15) 



v c (z; x,^) (lle^+^S^) 
v^z; x,^) (lle^^^) 
v b (z; x,^,t ± )(l|e^ + « CT <l(t ± ) 
v p {z; x,^t ± )(l|e^ + ^$(t ± ) 



(0\c(z) e^+^t*), 
(0\-y(z) e^+^i^), 
(2\b(z) e^i+^$(t ± ), 
(2|/?(z) e^ +?,J $(t ± ). 



(5.16) 



Vc and Vb are then given by 



V C (C, x, £, t ± ) = A Af v c (2; x, £, t ± ) - (DA M ) v~,(z; x, f , t ± ), 
V B ((] x, £, £*) = A M vp(z; x, £, t ± ) - (DA M ) v b (z; x, £, £*). 

For simplicity, let us consider the = £ = and define 



(5.17) 



v c (z; i±) (1| = (0| c(z)$(^), U6 (z; (1| = (2| 

v 7 (z; f±) (1| $(t±) = (0| 7 (^)5>(t ± ), tfc(z; t±) (1| = (2| (5.18) 

Provided we can find these operators, the expressions for the general case with x ^ 
and £ 7^ 0, can be found using the identity 

e^$(t+(.),* -(.),t+(.),t e -(.)) 
= $(^ + («), ^(«), t+(«) + z •+£•*«,(•), + *<,(•)), ( 5 - 19 ) 
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where $ is considered as a functional of tf e (z) and • represents a dummy variable. Now 
putting the superbosonization formulas for c, 7, b and f3, and noting 

(2 1 e-< z ~it e ~<t> + < W = ( 1 1 7 i e -< e ~*< W 

= z-^oiTi^-^iivr, 
2 2 

(2| e -4 z -^ + e -^(V( z ) = z- 1 (1| = (1| f{^7, } + <ipiTpt(z)) 

2 \ 2 2 2 / 



we have 



(0| c^)^) = (l|e^ w 

(017(2)$^) = ^(ll^^e^^^^), (5.20) 

(2\b(z)^(t ± ) = z-^ll ^7 e"^ w 

2 

(2|/3(z)^ ± ) = (l|{l + ^I^)}e-*> W $(* ± ), (5.21) 



where 



^(^) = E€ + i^ n_1 and *>W = EC + i z "" 2 ( 5 - 22 ) 

n>0 2 n>0 2 

Next task is to see the effect of e ± * >< - 2 - ) on ^(t^. Here we note that for a formal power 
series t(w) = J2 n >o T n +± ' u,n with odd Grassmann parity, 

e *>(*ty+[ r (,)] e -*>W = / diurH(l - -)V> + M 

•>|H<I Z I -2 

= V> + [ w :?-(•)], with tWe(i--)tW^(t„ + i--t b i)/, 

2 „=0 ^ 

e-^>W^+[ T («)]e^> (z) = / dtur(w) — ^ 

J|id|<|z| 1 — 7 

= V + [ W J(«)], with w rH = -±_r(«;) = £ (EWjO< (5-23) 

2 n=0 m=0 

and similarly, 

e ^W^-[ r (.)] e -^W = I dwwT(w)—^ 1 r1>-(w) = 'il>-[..T(»)], 

J\w\<\z\ 1 - - 

e -*£(*ty-[ r (.)] e *£(*) = / dwwT(w)(l--)^p-(w)=^-[ n T(*)]. (5.24) 

Moreover we observe for a formal power series x(w) = J2n=i x n w n , 

e ^W e j + [«Wl = Ai ± *W] ) (5.25) 
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where 

^' + M-)] = E^(^T— ), (5.26) 

n=l U 

and hence 

w 

[z] x(w) = x(w)±\og(l--). (5.27) 

Suppose that /(t(«)) be a functional of t(z) and imagine T(z; r) be a differential oper- 
ator with respect to {r n+ i} such that 

e r ^/(r(.)) = /( w r(.)). (5.28) 
Clearly, the inverse operation gives 

e- T ^ T) /(r(.)) = /( w r(.)). (5.29) 
One can see such an operator is given by 

^r) = EE^- m ^ w , (5.30) 



n=0m=l m 



Therefore we have 

e±£«$(t±(.)) = <S( [z]± t+(.), [% t -(.), w± t+(.), i e -(.)) 

= e ±E„=i^^ n °2+ $(£±(«)) (5.31) 
where is the operator defined previously in ( |3.33|) . This is expected because from 

1^,1(^ = ^11(1*) (5.32) 

and the fact that D^, n = 1, 2, • • • obeys the same algebra of the annihilation part of 
Aj^ when [ , }± is replaced by — [ , ]±, with the correspondence 

Df n+1 ^±^ +1 _, D±~j± 
Df n must give the same effect on ^(t^) as does. Actually one can observe for example 

c - Ly 2m+l e ±y 2(m+n)+\i 

n=0 

e ±E^-"<i^ m+ie *£^-"< = D^-^U, (5.33) 
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which are equivalent to (|5.23| ) and (|5.24|) when making replacement Df n+1 — > ±ifj^ +1 
and -Df n -> j±. Now from (jTiZq) , ( ggg ), (|53T| ) and flS32D , we obtain 



v c (z; t ± ) 



„V — 2 _n -Dt „-(m+l) n- 

m=0 

e - E - 2 "" D -(i + E^ (m+1) ^n + i^r 

m=0 



Moreover we can find the expressions for x 7^ and £ 7^ 0, by noting 

v a {z; x,^,t ± )(l|e^ + ^$(t ± ) 
= e «( D i + - D r) Va ( 2; *±) e-f^f-DD (i| e ^l+^$(t±) 



(5.34) 



(5.35) 



where the subscript a stands for c, 7, 6 and /3. Using the above formula and taking into 
account^] 

(5.36) 



and 

we obtain consequently 

v^z; x, £, t±) = 
v b (z; x,^,^) = 
v p (z;x,^t ± ) = 



<i| o- = <i|(Vt + VT) = <i|^r, 
22 2 

e -E < D L+^ D L+i+^ n+1 ) } 

—z~ 



+ ^} e" E ^ ( 1 D . (5.37) 



Let us reflect on the results from the view point of the superbosonization. We have 
first realized the negative frequency part of gll\l as differential operators which act on 
the polynomial ring B = C[[t+, £~; m > 1]]. Then, based on the Kac-van de Leur 
superbosonization, we have obtained the description of the B-C system on B. (More 



' The fact that 



acts as an identity on e x ^ 1+ ^' 7 ^(t ± ) implies the relation ( 5.19 ) 
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precisely, we must introduce one more variable which counts the total charge.) Consider 
the vertex operators 

V c (z; t±) (1| $(f t ) = (0| c(z), V b (z; t±) (1| = (2| b(z), 

V,(z; t±) (1| = (0| 7 (s), **) (1| = (2| (5.38) 

From (|5.14j ) and (|5.14|) and the expressions of and Am, these are given by 

V c {z; t ± ) = ^W-I^Wj^tij + ^^^^ti)}, 

y 7 ( 2; *±) = e'.'W+K'.'W { ^(z; £±) + #( z ) Vc ( z; t±) }, 

V£(*; *±) = e -«« + W-^W { Vb ( Z] t±) + ^ t±) }, 

^(z;**) = e-^W+^-Wi^;^)-^^)^;^)}, (5.39) 

which may be viewed as a kind of superbosonization realized on B. The expression of 
the bilinear identity for the r-function (super-Hirota equation) can be obtained without 
any difficulty although we have not written down here. 



6 Concluding Remarks 

We have established the operator theory for the SKP hierarchies and formulated the 
maximal SKP hierarchy which includes all the flows of the known SKP hierarchies in 
a unified way and allows the r-function description of the theory. Now the relation 
between different SKP hierarchies is very clear. 

Here let us look briefly at the geometrical aspects of the subject, which we have not 
touched on so far. As stated in Ref. ||, for a general B-C system, the fields B and C 
are defined on an arbitrary (1|1) dimensional complex supermanifold (i.e., a super curve 
in general without any superconformal structure), and are considered as sections of line 
bundles u k and uj 1 ~ k (in our setting, k — 1) respectively. According to the coordinate 
transformation (z, 9) — > (z, 9), a section a G u transforms as a = cr ^r' °1 . It should be 
noted here that the moduli space of supercurves is coincident with that of the N = 2 



super- Riemann surface f2T|j. The hidden N = 2 superconformal symmetry of the B- 



C system originates in this coincidence. In Ref.|22| the super-Krichever construction 



was studied and the geometrical meaning of the SKP hierarchies was clarified. Their 
arguments ought to be traced in the field theoretic context. The super-Krichever map 
assigns injectively a point of the super-Grassmannian, hence a state in the B-C Fock 
space, to a set of geometrical data of an arbitrary supercurve and a line bundle uo k on 
it. The same map was also investigated in constructing the operator formalism for the 
superstring theory |T!|. From these studies it becomes clear that as long as we work 



within the frame of our restricted super-Grassmannian Gr or equivalently the space of 
the wave operators r , the supercurves we can cover are constrained excluding super- 
Riemann surfaces of genus g ^ 1. This is a disappointing fact. However if we convert 
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the description of the theory in terms of the r-function, we would be able to generalize 
the theory to cover more general super-Grassmannians. In this relation, comparison 



with the r-function of A.S. Schwarz|[26|| which is defined in more abstract and general 
manner would be helpful. An interesting problem is to find, at least in the genus one 
case, some characterization of the locus of the geometrical data coming from N = 1 
super-Riemann surfaces inside the larger moduli space of the geometrical data coming 
from general supercurves. To think over these issues, it would be useful to recall another 
SKP hierarchy given by LeClair|||]. It is based on the superbosonization which preserves 



the superconformal symmetry manifest lyP3|. In this superbosonization the B-C system 
is expressed in terms of the following currents: 

J = -BC, J* = -D\ogB, 

J( Zl , 9 1 )J*(z 2 , 9 2 ) — 77-77-5 J(1)J@) ~ regular, J*(l) J*(2) ~ regular. 

z l ~ z 2 ~ "l"2 

The r-function of this SKP hierarchy is defined as 

r(t, t*) = (l\e J ^^ +J ^\~ <), 



where «/[£(•)] stands for the expression ( |4.60[ ) and </*[£*(•)] is defined similarly. From 



the above expression we recognize that this SKP hierarchy is essentially JSKP hierar- 
chy, since the former reduces to the latter by setting t* n = 0, n = 1,2, On the 
other hand we can see that the state e J *^*^ |H <) does not satisfy the bilinear iden- 
tity. The operator e J *[ ^ * ( ••^ cannot be considered as the time evolution operator on the 
super-Grassmannian and is introduced in order to keep the whole information of the 
state |S <). From the speciality of this superbosonization, when the initial state |S <) is 
associated with a super-Riemann surface, its superconformal structure is preserved and 
translated into the one expressed in terms of the time variables t n and t* n . 
In addition to the geometrical consideration, there are several directions for future work. 
For the KP hierarchy N soliton solutions are obtained by successively applying the ver- 
tex operators to the vacuum state. The same procedure would be also applicable for 
the SKP hierarchies. The operator theory for the SBKP hierarchy and its r-function 
description has already been studied in [^5[ (see also ||). Making similar efforts as we 
did in the previous section, we will be able to transfer their elaborated result to the 
SBKP version of our maximal SKP hierarchy, which will be more accessible. Though 
it is not clear at present that the SKP hierarchies have relevance to physics such as 
the two-dimensional supergravity, it would be interesting on its own to seek additional 
symmetries, the relation to super-W 7 algebras and favorable reductions to the KdV type 
together with their r-function description. 
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A Calculation of (2| B 3 \X<) 

Let us show 



■(2|^.|X<) 



.1)3+1 



(1\X<) N 1 J '" sdet w X< 
Using the formula ( |4.26| ) we have 



sdet„x¥l. 



3 = -1,0,1 



(a.i; 



(2\B j \X<) = JUdlrjUdci ^(-l)^. n £ W* II 



r>0 " i>l 



fc>l s>0 



(A.2) 



C<=0 



Then we change the integration variables Cj — ► Cj = C(X)j as in ( [4.33| ), provided that 
in this case j = 1,2, •• • and C< are considered as auxiliary variables. The right-hand 
side of the above expression becomes 



-I) 1 sdetX« [l[d% f JJdcJ 



r>0 " Z>1 



fc>0 l>0 m>0 fe>l s>0 



(A.3) 



c< =o 



Integrating by part we have 



■iy +1 sdetX« • ^x ji „ fe (x«- 1 )_ fc ,_ 1 . 



(A.4) 



fc>0 



Since (1|X<) = sdetX<<, we thus obtain 



(1|X<> 
It is not hard to see that 



— — (2\Bj\X<) = (-iy +1 Y^X, k (X ') ,. , 



(A.5) 



fc>0 



1 



sdet^X^ = ^X Ji _ fc (X<< 



sdet T X< 



(A.6) 



fe>0 



which is viewed as a co-factor expansion of the superdeterminant 8det n X<l . Taking into 
account 



(X«- 1 ) 01 = -X° < ° < ~ 1 X° < 1 < X 1 < 1 < - 1 and (X«- i ) 11 = X^- 1 (A.7) 



where the notation ( |3.40| ) is used, we can reduce ( |A.6| ) to an exercise for an ordinary 
matrix determinant. 
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B More about the superbosonization 

As mentioned in §[|, in the /J-7 system, local fields which carry the picture charge exist 



and are most easily identified in the FMS bosonization ||18|| . These are 

5(p{z)) = e*° ' z~ r « 'e*< {z] ] e^> iz \ 5(y(z)) = J* e~+< {z) e~^*\ (B.l) 
and the additional free fermionic pair independent of 5(/3(z)) and 5(7(2;)), 

£(z) = Q(P(z)) and i7(z) = 8,e( 7 (*)), (B.2) 
where is Heviside step function |27|. FMS bosonization says the original ft, 7 fields are 



reconstructed from the above fields as 

(3(z) = d,e(p(z)) ■ S(y(z)), y(z) = d z Q(l(z)) ■ *(P(z)). (B.3) 

Obviously the formulas ( P-l| ) are considered to be the same as in the superbosonization 
we discussed. With this in mind we can find from ( B.2| ) or flB.3j ) the superbosonization 
rules for £ and r\ fields: 



r](z) = lim ip (z) c(w)8(y(w)) 

= e ^o e ^< ( 2 )-<^< ( 2 )^,- ( z \ z io+io e *> ( z )~^> ( z ) ; 

d z t(z) = kmip + (z)b(w)5((3(w)) 

= e -^+0o e -^<( 2 )+^<( 2 )^+( 2 ) z -(i([+io") e -^>( z )+^>( 2 ). (B.4) 



These expressions already appeared in [24 
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